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Using a Generalised-Hydrodynamic (GH) fluid model we study the influence of strong coupling induced
modification of the fluid compressibility on the dynamics of compressional Mach cones in a dusty plasma
medium. A significant structural change of lateral wakes for a given Mach number and Epstein drag force
is found in the strongly coupled regime. With the increase of fluid compressibility, the peak amplitude of
the normalised perturbed dust density first increases and then decreases monotonically after reaching its
maximum value. It is also noticed that the opening angle of the cone structure decreases with the increase
of the compressibility of the medium and the arm of the Mach cone breaks up into small structures in the
velocity vector profile when the coupling between the dust particles increases.
I. INTRODUCTION
A complex plasma (or dusty plasma), consisting of
electrons, ions and micron-sized dust grains, can have
distinctly different behaviour from the usual two compo-
nent electron-ion plasmas due to the presence of highly
charged dust particles. When micron or sub-micron
sized dust particles are introduced in a conventional
plasma they get charged by collecting electrons and
ions from the background. The charged dust compo-
nent can become strongly coupled if its potential en-
ergy exceeds its kinetic energy. The strength of interac-
tion is characterized by the Coulomb coupling parameter
Γ(= Q2d/4pi0dTdexp(−d/λD)), where Qd, d, Td and λD
are the dust charge, inter-particle distance, dust temper-
ature and plasma Debye length, respectively. When Γ
exceeds a critical value Γc the dust component can crys-
tallize and behaves like an ordered solid1,2. For a given
set of plasma parameters, if the temperature of the dust
particles is increased then the crystal can melt and va-
porise like in an ordinary fluid. Hence, a complex plasma
provides an excellent medium to investigate phase tran-
sitions occuring as one moves from a strongly coupled
regime to a weakly coupled regime. In that context a
topic of considerable interest is how such phase transi-
tions influence the existence and propagation character-
istics of linear and nonlinear modes as well as vortex and
wake structures. Wake structures arise behind an object
moving in a fluid and can become a cone shaped shock
structure (a Mach cone) if the particle velocity exceeds
the sound speed in the medium. Mach cones are very
familiar in the field of gas dynamics3 and solid matter4.
They have also been extensively studied theoretically5–16
and experimentally17–23 in dusty plasmas where they can
get excited when an object moves with a velocity (u)
that is greater than the dust acoustic wave velocity (Cd).
This moving object creates expanding waves (which are
circular in 2D) and lead to a V-shaped cone by the su-
perposition of the expanding waves. The geometry of the
superposition determines the Mach angle (θ), according
to the relation,
u/Cd = M = 1/sinθ. (1)
Theoretical studies of Mach cones in the layers of dust in
Saturn’s rings were carried out by Havnes et al.5,6 who
provided estimates of parametric conditions under which
they would form. The first experiment on the excitation
of Mach cones in a laboratory complex plasma was car-
ried out by Samsonov et al.17,18. The Mach cone was ex-
cited by a fast moving particle in a stable 2D dust cloud.
Unlike the situation in a neutral gas, they observed the
formation of two cones - one being a compressive cone
arising due to the particles in the stable cloud being
pushed by the test particle and the second a rarefactive
cone arising due to the particles moving back towards
their original positions. Later on a series of molecular-
dynamics simulation studies11–13 were carried out on the
excitation of Mach cones that revealed not only the exis-
tence of two cones but the possibility of exciting multiple
cones because of particle oscillations around their equi-
librium lattice position following the passage of the initial
disturbance.
In this article, we study the dynamics of Mach cones
in a dusty plasma by taking into account the correlation
effects present in the dust component due to Coulomb
interactions between the charged dust particles. For our
analysis we employ the generalised hydrodynamic (GH)
model that includes this coupling effect between the par-
ticles in a phenomenological manner through the incorpo-
ration of visco-elasticity and a modified compressibility.
This model has been extensively used in the past to inves-
tigate the propagation characteristics of linear24,25 and
non-linear waves26, their interaction27 and shear-wave
Mach cones15 in strongly coupled complex plasmas. Us-
ing this model, we obtain analytic expressions for the per-
turbed dust density and the velocity vector field for the
dust fluid from which we construct Mach cone solutions.
Our detailed study shows that strong coupling induced
effects can have a significant influence on the dynamics
and structure of a Mach cone. Specifically we find that
the Mach cone angle decreases with an increase in the
strong coupling induced compressibility of the medium.
We also observe that the arms of a Mach cone struc-
ture can break up into several micro-structures at higher
coupling strengths between the charged dust particles.
Finally the amplitude of the perturbed dust density ini-
tially increases to reach its peak value and then monoton-
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2ically decreases with higher compressibility (correspond-
ing to higher values of the coupling parameter Γ) of the
medium.
The paper is organized as follows. In the next section
(sec. II), we discuss the governing equations associated
with the model used in our investigation. In Section III,
we discuss our numerical results obtained from the ex-
pressions of the perturbed dust density and mapping of
the velocity vector profile in the presence of strong/weak
coupling between the particles. Our results are summa-
rized and brief concluding remarks made in section IV.
II. THEORETICAL MODEL
A variety of approximate models have been used in
the past to study28–33 the dynamics of strongly coupled
dusty plasmas. Among these various approaches, one
of the most convenient and physically appealing model
for investigating strong-coupling effects is the so-called
GH model34. This approach takes into account of the
strong correlation effects in the dust dynamics through
the introduction of a visco-elastic term in the momen-
tum equation24 of the dust fluid. The phenomenologi-
cal GH model has been shown to be valid over a wide
range of the coupling parameter, Γ (1  Γ < Γc, where
Γc is the critical value of Γ for crystallisation) and has
been successfully employed to explain the turnover35 in
the dispersion relation of a dust acoustic wave and the
existence of transverse shear waves36,37 in a strongly cou-
pled dusty plasma medium in liquid state. In the regime
where the existence of Mach cone and their dynamics are
important, the predominant change due to strong cou-
pling effect is in the dispersion properties. The presence
of strong coupling between the particles can modify the
compressibility of the medium as seen in the dispersion
relation of linear dust acoustic waves. Hence, for study-
ing the Mach cone and their dynamics we retain the effect
of compressibility of the fluid along with damping caused
by dust neutral collisions but neglect the dissipative con-
tribution due to viscosity. Such an approximation is valid
in the so called “kinetic regime” where ωτm >> 1, with
ω being the frequency of the mode and τm the relax-
ation (memory) time due to correlation effects. Thus,
under this approximation, the momentum equation for
the dust fluid can be written as24:
md
∂vd(r, t)
∂t
+mdvd∇.vd(r, t) = Zde∇φ(r, t)
+ FEP − µTd
nd
∂nd
∂x
. (2)
The Epstein drag force (FEP ), arising from the collisions
between the background neutral gas molecules and the
dust particles, can be expressed as38,
FEP = −γEPmdvd(r, t)
= −δEP 4pi
3
nnmnvna
2vd(r, t), (3)
where, nn, vn,mn are the gas density, thermal velocity
and mass of the background neutral gas molecules, re-
spectively. a is the dust particle radius. γEP and δEP
are the Epstein drag coefficient and a constant which de-
pends on the interaction between the dust particles and
gas molecules.
The contribution of compressibility (µ) in the momen-
tum equation (Eq. (2)) can be expressed in terms of Γ
as24,
µ =
1
Td
(
∂P
∂nd
)
Td
= 1 +
E(Γ)
3
+
Γ
9
∂E(Γ)
∂Γ
(4)
where E(Γ) is the excess internal energy of the system
and can be expressed as24
E(Γ) = −0.89Γ + 0.95Γ1/4 + 0.19Γ−1/4 − 0.81. (5)
It is clear from Eq. 5, in the weakly coupled gaseous
phase (Γ < 1), µ is positive but can become negative as
Γ increases and one gets into the liquid state. The change
in sign of µ is responsible for the turnover effect in the
linear dispersion relation of the dust acoustic wave.
The other equations of the model e.g., the continuity
equation for the dust component and the Poisson equa-
tion can be written are,
∂nd(r, t)
∂t
+∇.[nd(r, t)vd(r, t)] = 0, (6)
∇2φ(r, t) = e
0
[Zdnd(r, t) + Ztδ(r− ut) + ne(r, t)
− ni(r, t)]. (7)
In the above equations, nd(r, t) and vd(r, t) represent the
instantaneous number density and the velocity vector of
the dust fluid, respectively. md denotes the mass of dust
particles. In our calculations systematic or stochastic
dust charge variation are neglected. We also include a
δ-function in the Poisson equation (Eq. 7) to incorporate
the presence of a projectile particle which moves with
velocity u and charge number Zt.
In the standard fluid description of dusty plasmas for
studying low-frequency (ω  kvTe, kvTi) phenomena in
the regime where dust dynamics is important, it is cus-
tomary to treat the electrons and ions as light fluids that
can be modeled by Boltzmann distributions and to use
the full set of hydrodynamic equations to describe the
dynamics of the dust component. The densities of elec-
trons and ions at temperatures Te and Ti are, respec-
tively, given by
ne = ne0exp(eφ(r, t)/kBTe), (8)
ni = ni0exp(−eφ(r, t)/kBTi). (9)
3The equilibrium electron density ne0 and ion density ni0
are related to the dust density nd0 and the dust charge
number Zd by the charge neutrality condition,
ni0 = ne0 + nd0Zd. (10)
In the perturbed system, assuming a first order approxi-
mation, the dynamical variables nd(r, t), vd(r, t), φ(r, t),
ne(r, t) and ni(r, t) about the unperturbed states are
given by,
nd(r, t)= nd0 + nd1(r, t),
vd(r, t)= vd1(r, t),
φ(r, t) = φ1(r, t), (11)
ne(r, t)= ne0 + ne0
(
e
kBTe
)
φ1(r, t),
ni(r, t)= ni0 − ni0
(
e
kBTi
)
φ1(r, t).
Using equations (10) and (11) in equations (2), (6) and
(7) we obtain,
∂nd1(r, t)
∂t
+ nd0∇.vd1(r, t) = 0, (12)
∂vd1(r, t)
∂t
=
Zde
md
∇φ1(r, t)− γEPvd1(r, t)
− µTd
mdnd0
∂nd1
∂x
, (13)
∇2φ1(r, t) = 4pie[Zdnd1(r, t) + Ztδ(r− ut)]
+ λ−2D φ1(r, t). (14)
We next take a Fourier transform in space and time of
the above equations to obtain a set of algebraic equations,
where the transform of each quantity is defined as,
A(r, t) =
∫
dkdω
(2pi)4
A˜(k, ω)eik.r−iωt. (15)
The algebraic equations obtained from the Fourier
transformed form of Eq (15) can be easily solved for
n˜d1(k, ω), v˜d1(k, ω) and φ˜d1(k, ω). Taking the inverse
transform we finally get,
nd1(r, t) =
β
(2pi)4
∫
dkdωei(k.r−ωt)
× [1−(k,ω)]δ(ω−k.u)(k,ω) , (16)
vd1(r, t) =
β
(2pi)4nd0
∫
dkdωei(k.r−ωt)
× ωk2 [1−(k,ω)]δ(ω−k.u)(k,ω) k, (17)
where the dielectric function (k, ω) is given by,
(k, ω) = 1− ω
2
pd
ω(ω + iγEP )− µTdk2md
(
k2λ2D
k2λ2D + 1
)
(18)
with the dust plasma frequency ωpd = (
nd0Z
2
de
2
0md
)1/2 and
the ratio of charges β= Zt/Zd.
Setting (k, ω) = 0 and γ0 = γEP /ωpd, gives the dis-
persion relation of a linear dust acoustic wave in the pres-
ence of strong coupling effects24,
k2λ2D =
ω(ω + iγ0)− k2µλ2D
1− ω(ω + iγ0) + k2µλ2D
. (19)
Here, we have normalised the frequency of dust acous-
tic wave by ωpd. It is clear from the above equations
(Eqs. (16) and (17)), that both the normalised perturbed
dust density and the velocity are stationary fields in the
frame of reference of the projectile particle moving with
velocity u.
The above dispersion relation (see Eq. 19) implies that
a weakly (or strongly) coupled dusty plasma is also a
strongly dispersive medium that supports dust acoustic
waves of different phase velocities for different values of
the propagation vector (k). As a result, compressional
waves excited by the moving particle, will travel with
different propagation angles θ(k)7,21 satisfying the uni-
versal Mach-cone angle relation (Eq. 1) and the interac-
tion of these waves can give rise to constructive and de-
structive interference patterns. Correspondingly, a wake
composed of these waves will have a structure contain-
ing both a Mach cone and multiple lateral structures. In
a dispersionless medium such as air, such lateral struc-
tures are absent and one only observes a single Mach
cone being created by an object moving faster than the
speed of sound. On the other hand, in a highly dispersive
medium like water, lateral wakes are clearly seen behind
a ship moving in deep waters, a phenomenon well known
as the ‘Kelvin wedge’. The effect of dispersion is also
clearly seen in our results as will be discussed in the next
section.
III. RESULTS AND DISCUSSIONS
To study the dynamical characteristics of the Mach
cones described by (16) and (17) we evaluate these ex-
pressions numerically in various parametric regimes and
display the results graphically. The velocity of the parti-
cle (u) is expressed in terms of a Mach number, defined
as M = u/Cd, where Cd = λDωpd. For our numeri-
cal evaluation of expressions (16) and (17) we have cho-
sen values of the plasma and dust parameters that are
close to those of recent experiments39. The plasma den-
sity (ni), the electron (Te) and ion (Ti) temperatures are
chosen as 1014/m3, 3 eV and 0.1 eV, respectively. The
dusty plasma parameters e.g., projectile particle charge
(Qt = Zte), average dust charge (Qd = Zde), dust diame-
ter (2a, where a is the radius), inter-particle distance (d)
are chosen as 105e, 40007e, 9.0µm and 230µm, respec-
tively. The other parameters, such as dust density (nd0),
mass of the particles (md), plasma Debye length (λD)
and dust plasma frequency (ωpd), are then estimated us-
ing the above plasma and dusty plasma parameters.
Fig. 1 shows the typical normalized perturbed density
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FIG. 1. (a) Variation of perturbed dust density and (b) velocity vector map of a 2D dust crystal for a given value of Mach
number (M = 1.1), normalised dust neutral collision frequency (γ0 = 0.01) and compressibility (µ = −2.0).
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FIG. 2. Profile of (a) perturbed dust density along x direction (along which the projectile particle moves) and (b) x-component
of velocity for a particular value of y/λD(= 11.0) of fig. 1. The peaks on the velocity and density profile indicates the location
of maximum velocity and density for y/λD = 11.0. The solid and dashed line are for µ = 0 and µ = −2.0, respectively.
(nd1/nd0) and velocity vector profile map of a lateral
wake structure for a given dust-neutral damping coef-
ficient (γ0 = 0.01), Mach number (M = 1.1) and com-
pressibility (µ = −2.0). The structural properties of the
wakes depend on the wave dispersion properties of the
medium and the behaviour of wave-particle interaction.
As is evident from both the figures the projectile parti-
cle excites V-shaped multiple wake structures which are
the results of constructive and destructive interference of
waves. From the velocity vector map one notices that
all the particles oscillate in the direction perpendicular
to the cone wings and parallel to the direction of wave
propagation. Hence, it can be concluded that these types
of Mach cone structures are composed of longitudinal
acoustic waves and, as earlier studies have suggested, the
multiple structures arise because of the strong dissipative
nature of the dust acoustic waves.
To study the effect of strong coupling on the dynam-
ics of the Mach cone, we next plot the profiles of the
amplitude of density and velocity along the X-axis for a
particular Y-position in fig. 2(a) and 2(b) respectively for
two different values of compressibility µ = 0 (solid line)
and µ = −2.0 (dashed dotted line). Similar to Fig. 1,
this figure also shows that the wake structures consist of
multiple cones and each cone has a compressive (positive)
peak value, with particles pushed in the forward direc-
tion, and a rarefactive (negative) peak value, with par-
ticles moving back towards their original position. The
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FIG. 3. Map of the particle velocity vector (vd1) in case of weak damping γ0 = 0.01 for (a) & (d) µ = 0, (b) & (e) µ = −6.0
and (c) & (f) µ = −22.0. The left panel (a–c) is for M = 0.8 whereas the right panel (d–f) represents for M = 2.0.
existence of multiple cones apart from the first one are
attributed to the restoring force provided by the electron
and ion clouds. It is clear from the figures that the peak
positions of these cones appear at different positions for
µ = 0 and µ = −2.0. It suggests that a higher coupling
leads to a higher compressibility of the medium and a
lower cone angle. The significant change of cone angle is
observed clearly at x = −35.
Some further snapshots of the Mach cone are shown
in fig. 3 where we have taken the dust-neutral collision
frequency (γEP ) to be very small compared to the dust
oscillation frequency (ωpd) and γ0 = γEP /ωpd = 0.01.
The left panel (a)–(c) of fig. 3 depicts the velocity vector
profile maps for a given Mach number (corresponding to
the same projectile particle velocity), M = 0.8 but for
different values of µ: (a) µ = 0, (b) µ = −6.0 and (c)
µ = −22.0. The corresponding values of Γ for these µ
values can be found out from the Eq. 5. The right panel
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FIG. 4. Map of the particle velocity vector (vd1) in case of strong damping γ0 = 0.2 for (a) & (d) µ = 0, (b) & (e) µ = −6.0
and (c) & (f) µ = −22.0. The left panel (a–c) is for M = 0.8 whereas the right panel (d–f) depicts for M = 2.0.
(d)–(f) of this figure corresponds to different values of
Mach number i.e. M = 2.0 but for same set of compress-
ibility. It is clear from the left panel of the figure that
the structural changes are significant as one increases the
rigidity of the medium by changing the coupling factor
for a constant value of M and γ0. As discussed above in
the context of fig. 2, the cone angle decreases with the in-
crease of the compressibility of the medium. Increase of
Mach number, results in the decrease of the opening an-
gle of the Mach cones which satisfy the Mach-cone-angle
relationship. Additionally, the cone structures become
turbulent when µ reaches towards its higher values and
the wings of the cone breaks into small micro-structures.
The wake structures even get washed out at higher val-
ues of µ as shown in fig. 3. It is also to be noted that the
Mach cone angle decreases when Mach number increases
from M = 0.8 to M = 2.0 (see right panel of fig. 3).
This can also be explained by the Mach-cone-angle rela-
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FIG. 5. Variation of amplitude of normalized perturbed dust density with µ for different values of (a) M at constant γ0 and
b) γ0 at constant M . In figure (a) solid, dash–dotted and dashed lines represent M=2.0, 1.1 and 0.8 respectively, at γ0 = 0.01.
Whereas in figure (b) solid, dash–dotted and dashed lines represent γ0 = 0.01, 0.2 and 0.5, respectively, at M = 1.1.
tionship. It is also observed that the number of multiple
structures reduces with the increase of Mach number for
a given value of µ and γ0. With the decrease of the Mach
number the structures are also found to be more unstable
for the same value of µ.
In order to study the role of damping on the dynam-
ics of lateral wake structures, we next increase γ0 to 0.2
and plot the velocity vector maps in fig. 4 for two dif-
ferent values of Mach numbers, M = 0.8 (left panel)
and M = 2.0 (right panel) for three different values of µ
similar to fig. 3. It is observed that the wakes are now
strongly damped because of the frequent collisions of the
dust particles with the background neutrals. The oscil-
lations in the wake region are smoothed out due to the
decrease of the damping length, ld = Cd/γEP
11,16,18,20.
The figure also suggests that the high collisionality re-
duces the multiple wake structures down to two or even
one irrespective of Mach number and the compressibil-
ity of the medium. But size of the locus from where the
wakes emanate increases with the increase of µ value.
For higher values of µ, it is seen that the circular locus
becomes elliptical.
We next discuss the influence of wave dispersion on
the nature of the wake patterns observed in our model
calculations. As pointed out in7,21, wake structures can
assume complex forms due to the presence of dispersion
in the medium. The effect is more pronounced when M
is close to unity whereas for M >> 1 or M << 1 the
structures are much simpler often consisting of a single
Mach cone or a wake structure. We see clear evidence of
this in our present investigations as well. The left panels
of fig. 3 and fig. 4 are plotted for M = 0.8 (barely sub-
sonic for compressional waves) which show the wakes to
consist of multiple complicated lateral structures. Simi-
lar behavior can also be seen in the case of fig. 1 which is
a plot for M = 1.1. On the other hand, the wake struc-
tures shown in the velocity map of the right panels of
fig. 3 and fig. 4, that are plotted for M = 2.0 (in strongly
supersonic case) contain fewer number of wakes (maxi-
mum two, often reducing to one). It is also to be noted
that for M < 1 the Mach cone should disappear leaving
only wake patterns. This is also seen in the velocity maps
for M = 0.8 (see left panels of fig. 3 and fig. 4).
Fig. 5 illustrates the variation of maximum amplitudes
of perturbed dust density of a 2D plasma crystal with the
compressibility of the medium for a set of Mach numbers
and dust-neutral collision rate. Fig. 5(a) represents the
same when the dust neutral collision frequency remains
unchanged at γ0 = 0.01 and the Mach number changes
from 0.8 to 2.0. It is seen that for a given Mach number,
the amplitude increases with the increase of µ and reaches
its maximum value and then it decreases monotonically
towards zero value. The position of the maxima is found
to be around µ ≈ −8.0. For a given value of µ, it is also to
be noted that the amplitude increases with the decrease
of Mach number. Variation of maximum amplitude as
a function of µ shows a similar trend when we change
the dust-neutral collision frequency from 0.01 to 0.5 at
a constant value of Mach number (M=1.1) as shown in
fig. 5(b). The peak amplitude of perturbed dust density
is higher for lower γ0 for a given value of Mach number
and the medium of same rigidity.
IV. CONCLUSION
We have investigated the dynamics of Mach cones in a
strongly coupled unmagnetised 2D complex plasma. We
have employed the Generalized-Hydrodynamic equations
to model the dust dynamics and incorporated the strong
8coupling induced dispersive effects through the modifi-
cation in the compressibility of the medium. To excite
the Mach cone we have taken into account the effect of a
projectile particle in the Poisson equation and solved the
fluid equations to obtain expressions for the perturbed
dust density and the velocity vector profile. Numeri-
cal plots of these expressions for relevant plasma/dust
parameters show the existence of compressional oscilla-
tory wake structures. We have studied the changes in
the characteristics of such Mach cones as a function of
the dust neutral collision frequency as well as strong
coupling induced changes in the compressibility of the
medium. We find that with the increase of compress-
ibility the opening angle of the Mach cone decreases and
additionally the wake structure gets turbulent through
a breakup of its wings into micro structures. At very
high value of µ the wing structures get washed out. A
quantitative study shows that the peak amplitude of the
perturbed dust density first increases with the compress-
ibility of the medium to reach a peak value and then it
monotonically decreases. For a given value of µ the am-
plitude increases with the decrease of Mach number and
the dust neutral collision rate. These features should be
observable in laboratory experiments and can provide a
direct measure of strong coupling induced modifications
of the system compressibility. Although Mach cones have
been studied for a long time but their evolution in the
presence of strong coupling effects have not received ad-
equate attention and our present theoretical results can
help provide directions for future experiments as well as
simulation studies.
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